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A simplified model for high-rate
actuation of shape memory alloy
torque tubes using induction heating
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Abstract
Shape memory alloy actuators deliver high forces while being compact and reliable, making them ideal for consideration
in aerospace applications. Induction heating of shape memory alloy actuators, specifically tubes that twist about the long-
itudinal axis, has recently been studied experimentally and computationally using finite element analysis. Reduced-order
models for the torsional behavior of shape memory alloy tubes and induction heating of general metallic tubes exist, and
thus, it is possible for these thermal and mechanical models to be combined and numerically solved. This work develops
and implements an engineering model for inductively heated shape memory alloy tubes based on the reduction of the
governing partial differential equations in space and time to an ordinary differential equation in time. An example solu-
tion is compared to finite element analysis results and agrees well. Finally, the ordinary differential equation is linearized
and solved analytically. The linearized model agrees well with the nonlinear ordinary differential equation and finite ele-
ment model.
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Introduction

Shape memory alloys (SMAs) are active materials that
provide lightweight, compact actuation with a high
volume–specific mechanical energy density. Actuation
via SMAs is generally achieved using a thermal stimu-
lus to affect the recovery of inelastic strains generated
following the application of a mechanical stimulus. The
mechanical loading transforms the SMA from the par-
ent phase (austenite) to one or more crystallographic
variants of martensite (Otsuka and Wayman, 1999),
and the thermal stimulus is then used to generate recov-
ery by way of a diffusionless solid-to-solid transforma-
tion back to austenite. Although there is only a single
variant of austenite, there can be many variants of mar-
tensite (Boyd and Lagoudas, 1996). These martensite
variants can be oriented under the appropriate applica-
tion of stress and temperature, resulting in reconfigur-
able strains that can be recovered during martensitic
transformation. This is known as the shape memory
effect (SME) and provides a solid-state alternative in
general actuation applications. Reliable SME must be
‘‘trained’’ in the SMA by thermomechanically cycling
the actuator under load in the direction of desired
actuation until a stable hysteresis is achieved. Based on

a number of factors, training may result in an SMA
component that favors a particular internal distribution
of oriented martensite variants that can generate and
recover substantial deformations under no applied load.
This behavior is known as the two-way SME. To pro-
vide an alternative to traditional wire-based SMA
actuation solutions, recent developments have shown
SMA torsional actuators, commonly torque tubes, that
can be trained and implemented in large-scale aerospace
actuation applications such as wing twisting (Hartl and
Lagoudas, 2007; Herrington et al., 2015; Sanders et al.,
2004; Saunders et al., 2014), rotor blade twisting
(Kennedy et al., 2004; Prahlad and Chopra, 2001), and
space-based radiator morphing (Bertagne et al., 2015a).
Reliable methods to accurately characterize and model
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the behavior of these torsional actuators under a variety
of thermal and mechanical loading conditions have
been studied by many authors (Keefe and Carman,
2000; Mabe et al., 2004, 2013; Mirzaeifar et al., 2010).

While SMAs have a very high volumetric energy den-
sity compared to other actuators, their actuation rate
and frequency is limited by how quickly heat can be
added to and removed from a metallic SMA compo-
nent. Many authors suggest methods of heating and
cooling, a summary of which can be found in Saunders
et al. (2016). Of all of the heating methods described by
these authors, perhaps the best option for large actua-
tors such as torque tubes is induction heating. Induction
heating requires less current to heat large pieces than
resistive heating (generally accepted as the most efficient
heating method) and is not rate limited by thermal con-
ductivity as in conduction heating. Induction heating is
a noncontact heating method whereby an alternating
current is input to a coil, inducing a time-harmonic elec-
tromagnetic field surrounding the coil. An electrically
conductive workpiece in the vicinity of the coil (and the
field it generates) experiences an induced internal cur-
rent at the same frequency as the exciting frequency but
having an opposite flow of current. The induced cur-
rents, known as eddy currents, result in a localized Joule
heating effect in the workpiece. Analytical and/or com-
putational models of SMA components in an electro-
magnetic field are needed to understand how active
materials and induction heating interact. Takagi et al.
(2001) showed simulations of an electromagnetic field in
an SMA plate using a phenomenological model.
Saunders et al. (2016) developed a modeling framework
applicable to any size or shape of SMA component.
Both of these efforts utilized a finite element (FE) solu-
tion, which can become computationally expensive. To
reduce this computational expense, some authors have
developed analytical, semi-analytical, and reduced
numerical solutions to SMA actuation problems
(Bekker and Brinson, 1997; Brinson and Lammering,
1993; Lee and Mavroidis, 2002; Mirzaeifar et al., 2010;
Tabesh et al., 2013) and induction heating (Davies and
Simpson, 1979; Lupi et al., 2015). These non-FE solu-
tions are especially useful for control of SMA actuators,
where simplified plant models can be of great utility
(Friedman et al., 2011).

The objective of this work is to develop reduced
numerical and analytical solutions for the problem of
an inductively heated SMA torque tube. This is accom-
plished by reducing the governing equations from par-
tial differential equations in space and time to an
ordinary differential equation (ODE) in time. This arti-
cle is structured as follows: We first present the govern-
ing equations for linear momentum, thermodynamics,
electromagnetics, and SMA constitutive behavior in
their full forms. The problem is then reduced to a non-
linear ODE and then linearized so that it can be

analytically solved. Finally, the results of the nonlinear
ODE model and analytical solutions are compared to
the results from FE models.

Governing equations

We assume small deformations so that the material
time derivative d=dt can be replaced by the local time
derivative ∂=∂t, which is denoted by an overhead dot,
that is, (_). We also denote the magnitude of a vector as
j � j, and the magnitude of a complex vector is given byffiffiffiffiffiffiffiffiffiffiffiffi

(�)(�)�
p

where the (�) denotes the complex conjugate
of the vector. That is for a vector x= a+ bj, the com-
plex conjugate x�= a� bj and its magnitude
jxj=

ffiffiffiffiffiffiffi
xx�
p

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 + b2
p

.

Physical principles

In static problems, the conservation of linear momen-
tum requires universal local satisfaction of

r � s + f= 0 ð1Þ

where s is the (symmetric) Cauchy stress tensor.
However, in this work, the electromagnetic (Tiersten,
1990) and gravitation body forces

f= rcE+ rEð ÞP+ J3B+ Brð ÞTM+ rmg ð2Þ

In these equations, rc is the free electric charge den-
sity, E is the electric field intensity, P is the polarization,
J is the current density, B is the magnetic flux density,
M is the magnetization, rm is the mass density, and g is
the gravitational constant. The term J3B is the most
significant. For this work, the maximum values of J
and B are on the order of 14 MA/m2 and 0.025 T,
which results in a radial body force of approximately
0.35 MN/m3 in the SMA tube. The associated stress is
negligible compared to the stress due to applied torque
so that r � s = 0. The linear strain–displacement equa-
tions (Bower, 2011) are used such that

e=
1

2
ru+ ruð ÞT
h i

ð3Þ

where e is the total strain tensor and u is the displace-
ment vector. The first law of thermodynamics (Maugin,
2013) is written as

rm _u=s : _e+E � _D+H � _B+E � J�r � q ð4Þ

where u is the specific internal energy, H is the magnetic
field intensity, D is the electric displacement, and q is
the conduction heat flux vector. In addition to the first
law, the second law must be used to develop thermody-
namically consistent constitutive equations. The second
law can be written in the form of the Clausius–Planck
inequality as
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rm _s+r � q � 0 ð5Þ

where s is the entropy. Time varying electromagnetic
fields such as those in induction heating are described
by Maxwell’s equations in the local form using a
magneto-quasi-static approximation (frequencies below
about 109Hz, the rate of charge displacement, _D, is
negligible compared to the conduction current; Rudnev
et al., 2002; Sadiku, 2014; Westgard, 1996) as

r3H= J Ampere’s lawð Þ ð6aÞ

r3E=� _B Faraday’s lawð Þ ð6bÞ
r � B= 0 Gauss’ law formagnetismð Þ ð6cÞ

The magneto-quasi-static approximation eliminates
the need for Gauss’ law (r �D= rc) in Maxwell’s equa-
tions because it is no longer coupled to Ampere’s law.

Three-dimensional constitutive and field equations

A Gibbs free energy is chosen to describe an arbitrary
SMA body in an electromagnetic field with the follow-
ing independent variables: G =G(s, T ,D,B, et, j, gt),
where T is the temperature, et is the transformation
strain tensor, j denotes the martensite volume fraction,
and gt is the transformation hardening energy. The
Coleman–Noll procedure (Coleman and Noll, 1963,
1964) can be applied to derive

s=� ∂G

∂T
ð7aÞ

e=� rm ∂G

∂s
ð7bÞ

E= rm ∂G

∂D
ð7cÞ

H= rm ∂G

∂B
ð7dÞ

Application of the second law of thermodynamics
results in a dissipation inequality, which is assumed to
be able to be decomposed into the following three
inequalities

E � J � 0 ð8aÞ
�q � rT � 0 ð8bÞ

∂G

∂et
: _et +

∂G

∂j
_j +

∂G

∂gt
_gt � 0 ð8cÞ

The first two inequalities are decoupled by neglect-
ing thermoelectric effects (i.e. Seebeck and Peltier
effects), and the third represents the generalized ther-
modynamical forces associated with transformation
(Lagoudas, 2008; Lagoudas et al., 2012). The form of
the free energy is chosen so that a magnetic constitutive
relation, Ohm’s law, and Fourier’s law are given by

B=m0mrH ð9aÞ

E= rJ ð9bÞ

q=� krT ð9cÞ

where k is the thermal conductivity.
There are many constitutive models that describe

SMA behavior (Lagoudas et al., 2006; Patoor et al.,
2006). The model chosen herein was developed by
Lagoudas et al. (Boyd and Lagoudas, 1996; Lagoudas,
2008; Lagoudas et al., 2012). This model is computa-
tionally efficient and has been proven experimentally
accurate under a variety of thermomechanical loading
conditions (Hartl et al., 2011). The core model has been
modified to account for plasticity (Hartl and Lagoudas,
2009) and transformation-induced anisotropy (Hartl
et al., 2012, 2013).

Because the electromagnetic and thermomechanical
terms in the free energy are assumed to be uncoupled,
the thermomechanical-specific Gibbs free energy due to
the austenite, martensite, and mixed phases is given by

GTM s, T , et, j, gtð Þ=GA s, Tð Þ+
j GM s, Tð Þ � GA s, Tð Þ
� �

+Gmix s, et, gtð Þ ð10Þ

where GA and GM represent the Gibbs free energy in the
austenite and martensite phases, respectively. Assuming
a quadratic stress dependence, Gz for z =A,M gives

Gz s, Tð Þ=� 1

2rm
s : Szs � 1

rm
s : az T � T0ð Þ+

cz T � T0ð Þ � T ln
T

T0

� �� �
� s

z
0T + u

z
0 ð11Þ

and the mixing term is given as

Gmix s, et, gtð Þ=� 1

rm
s : et +

1

rm
gt ð12Þ

The parameters S, T0, s0, and u0 are the compliance
tensor, reference temperature, specific reference
entropy, and specific reference internal energy, respec-
tively. The values of S, s0, and u0 are all assumed to be
dependent on the phase of the material. The specific
heat c, density rm, and the second-order coefficient of
thermal expansion a are assumed constant regardless
of phase. The phase-dependent parameters are evalu-
ated by a rule of mixtures in terms of j. For example,
the compliance tensor S(j) is found as

S jð Þ=SA + j SM � SA
	 


=SA + j ~S ð13Þ

Now using the procedure of Coleman–Noll (equa-
tion (7)), the total strain and entropy are obtained as

e=� rm ∂GTM

∂s
=S jð Þs +a jð Þ T � T0ð Þ+ et ð14Þ
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and

s=� ∂GTM

∂T
=

1

rm
s : a+ c ln

T

T0

� �
+ s0 ð15Þ

Equation (14) can be rewritten in a more common
form as Hooke’s law

s =S�1eel =S�1 e� et � a T � T0ð Þ½ � ð16Þ

The evolution equations governing the transforma-
tion strain and hardening are given as

_et = _jLt �seff
	 


ð17aÞ

_gt = f t � bLt �seff
	 
� �

_j ð17bÞ

Lt �seff
	 


=
3
2

Hcur �seff
	 


seff

�seff ; _j.0
et�r

jr ; _j\0

(
ð17cÞ

Hcur �seff
	 


=Hmax 1� e�ktseff
� �

ð17dÞ

seff = s +bð Þ ð17eÞ

where Hmax is the maximum uniaxial transformation
strain, seff is the deviatoric effective stress, et�r is the
transformation strain tensor at cycle reversal, jr is
the martensitic volume fraction at cycle reversal, b is
the back stress tensor developed during past training
and which does not evolve, kt is a parameter that con-
trols the rate at which Hcur evolves exponentially, seff

is the Mises equivalent of the effective stress given as

seff =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
seff : seff

r
ð18Þ

and f t is given for forward and reverse transformation
as

f t =
1
2

a1 1+ jn1 � 1� jð Þn2ð Þ+ a3; _j.0
1
2

a2 1+ jn3 � 1� jð Þn4ð Þ � a3; _j\0

(
ð19Þ

A transformation function constraining the evolu-
tion of the martensitic volume fraction is postulated
such that

Ft =
Ft

fwd =P� Y t; _j.0

Ft
rev =�P� Y t; _j\0

(
ð20Þ

which is constrained in the manner of classical plasticity
so that

Ft� 0, _jFt = 0, 0� j� 1 ð21Þ

with the thermodynamic driving force P given by

P s, T , jð Þ=Lt : seff +
1

2
s : ~Ss

+ rm~s0T � rm~u0 � f t

ð22Þ

where ~s0 and ~u0 are the difference in reference entropy
and internal energy, respectively, between austenite and
martensite. The constant Y t is a critical value at which
transformation occurs; a1, a2, and a3 are transforma-
tion hardening coefficients; and n1, . . . , n4 are transfor-
mation hardening exponents. The parameters ~s0, ~u0, Y t,
a1, a2, and a3 can all be expressed in terms of the phase
diagram properties Ms, Mf , As, Af , CA, and CM

(Lagoudas et al., 2012).
The constitutive equations must be further manipu-

lated to determine the effects of the latent heat of phase
change. The first law of thermodynamics (equation (4))
is expanded via equation (7b) as

rm _u=s : _eel +a _T +L _j
	 


+E � J+E � _D+H � _B�r � q ð23Þ

A Legendre transformation is needed to combine
and manipulate the Gibbs free energy and the first and
second laws into more useful forms. This transforma-
tion is given by

rmu= rmG+s : e+ rmTs ð24Þ

Combining equations (23) and (24) gives

T _s=
1

rm
P _j +E � J�r � q ð25Þ

In equation (25), _s can be expanded by the definition
of entropy to produce an equation that is a function of
_T and _j, where _j can be written in terms of _T (Boyd
and Lagoudas, 1996). In the previous work of Saunders
et al. (2016), the effects of thermomechanical coupling
due to latent heat were not modeled in the finite ele-
ment analysis (FEA) implementation. This shortcoming
will be addressed in the this new reduced-order model.

Torque tube reduction

We assume that the torque tube SMA actuator is thin
walled, axisymmetric, and that there are no end effects.
The tube is shown schematically in Figure 1 with sole-
noid induction coil and induced magnetic field lines.
The induced currents are spatially nonuniform, and
their distribution depends on the workpiece shape, its
electromagnetic properties, the eddy current frequency,
the proximity of the workpiece to the coil, and the exis-
tence of other electrically conductive or magnetic bod-
ies in the vicinity. The combination of these parameters
affects the depth to which the magnetic field can pene-
trate the workpiece, known as the skin effect. The pene-
tration depth d is defined as the distance from the
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workpiece surface at which the magnetic field has
decayed to a factor of e�1 relative to its surface value
(Davies and Simpson, 1979) and is given by

d=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

pm0mrf

r
ð26Þ

where r is the electrical resistivity, m0 is the magnetic
permeability of vacuum (4p 3 10�7H=m), mr is the
relative magnetic permeability, and f is the frequency
in hertz of the current. Results shown in Figure 6 are
for an applied frequency equal to 55 kHz, for which
the skin depth is 1.9 mm. The thickness of the torque
tube is 1.9 mm, so we can assume that the Joule heating
is distributed fairly uniformly through the thickness of
the tube. A detailed FEA of the temperature distribu-
tion in a tube of thickness 1.95 mm was conducted by
Saunders et al. (2016). Figures 14 and 15 of Saunders
et al. (2016) indicate that for a frequency of 55 kHz,
the temperature has a peak difference of 5�C between
the inner and outer radii of a tube that is insulated on
the outer radius and has natural convection with water
on the inner radius, and the martensite volume fraction
differs by 18% between the inner and outer radii.
Higher (lower) frequencies have more (less) spatial var-
iation in temperature and martensite volume fraction.

Reduced electromagnetic equations

There are two methods of determining electromagnetic
power induced in the cylinder. The first reduces
Maxwell’s equations to a function of only the radial
coordinate and then assumes that the radial variation is
small. The second method begins by assuming the tube
is thin walled and then developing the induced power
based on the the flux induced in the thin-walled cylinder.
Both solutions will be presented and then compared.

Method I: Maxwell’s equation reduction. To begin the reduc-
tion of Maxwell’s equations, recall the magneto-quasi-
static approximation of Ampere’s law with Ohm’s law
substituted (Lupi et al., 2015)

r3H=r3
1

r
E

� �
ð27Þ

which can be rewritten as

r r �Hð Þ � r2H=
1

r
r3E+ r 1

r

� �
3E ð28Þ

Combining Gauss’ law for magnetism with equation
(9a) yields r �H= 0. A similar process can be used
with Farraday’s law to yield r3E=� m0mr

_H. These
relations with the assumption of a homogeneous per-
meability and resistivity yield

r2H=
m0mr

r
_H ð29Þ

As is common in induction heating, the excitation is
considered to be sinusoidal giving H=H0e jvt and
_H= jvH, where H0 contains the magnitude and phase
angle of H. This assumption allows equation (29) to be
written as

r2H0 = j
vm0mr

r
H0 ð30Þ

Equation (30) can now be reduced to the case of a
cylindrical workpiece by noting that H has only one
nonzero component, directed along the longitudinal
axis of the cylinder, and E has only one nonzero com-
ponent, tangential to the circumference of the cylinder,
which reduces the Laplacian of equation (30) to only a
function of the radial direction r as given by

r2 =
1

r

∂

∂r
r
∂

∂r

� �
ð31Þ

and gives

∂2H0

∂r2
+

1

r

∂H0

∂r
� j

vm0mr

r
H0 = 0 ð32Þ

Equation (32), after some manipulation, represents a
Bessel differential equation of zero order with general
solutions for H0 and E0 given by

H0 =C1K0

ffiffiffiffiffiffi
�j

p
mr

� �
+C2Y0

ffiffiffiffiffiffi
�j

p
mr

� �
ð33aÞ

E0 =
ffiffiffiffiffiffiffiffi
�2j

p
r

d
C1K1

ffiffi
j

p
mr

� �
+C2Y1

ffiffi
j

p
mr

� �h i ð33bÞ

where C1 and C2 are constants to be determined, K0

and Y0 are zero-order Bessel functions of the first and
second kind, K1 and Y1 are order 1 modified Bessel
functions of the first and second kind, and
mr(r)=

ffiffiffi
2
p

r=d. The Bessel functions are implemented
in MATLAB where the ODE is also implemented and
are not explicitly written here. For the problem of a
hollow tube with inner radius ri and outer radius re, the
boundary conditions needed to solve for C1 and C2 are
given by

Figure 1. Thin-walled SMA tube schematic diagram with
induction coil and induced magnetic field lines.
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H0 =
He0 = nI ; r = re

Hi0; r = ri


ð34Þ

where He0 is derived by assuming a long thin wire forms
an infinite length solenoid around the tube giving an
idealized version of Ampere’s law with n being the turns
per unit length and I is the peak current input to the
coil. Solving for C1 and C2 then substituting into equa-
tion (33) gives

H0 =He0

F00 mi,mrð Þ
F00 mi,með Þ � Hi0

F00 me,mrð Þ
F00 mi,með Þ ð35aÞ

E0 =
ffiffiffiffiffiffiffiffi
�2j

p
r

d
He0

F01 mi,mrð Þ
F00 mi,með Þ � Hi0

F01 me,mrð Þ
F00 mi,með Þ

� � ð35bÞ

where the functions F00 and F01 are given by

F00 x, yð Þ=K0

ffiffiffiffiffiffi
�j

p
y

� �
Y0

ffiffiffiffiffiffi
�j

p
x

� �
�K0

ffiffiffiffiffiffi
�j

p
x

� �
Y0

ffiffiffiffiffiffi
�j

p
y

� �
ð36aÞ

F01 x, yð Þ=K1

ffiffiffiffiffiffi
�j

p
y

� �
Y0

ffiffiffiffiffiffi
�j

p
x

� �
�K0

ffiffiffiffiffiffi
�j

p
x

� �
Y1

ffiffiffiffiffiffi
�j

p
y

� �
ð36bÞ

and x and y are used as placeholders to indicate func-
tion inputs. The variables mi and me correspond to
mr(r) evaluated at r = ri and r = re, respectively.

To determine the radial distribution of H0 and E0,
Hi0 must be determined. The electromotive force (emf)
induced in a coil of wire is linked to the change in mag-
netic field by Faraday’s law. This can be applied at the
inner surface of the tube to obtain

þ
Ei0dl=� Aim0

_Hi0 ð37Þ

where Ai =pr2
i is the area enclosed by the inner surface

of the tube and
Þ

Ei0dl can be evaluated as 2priEi0.
Note that the permeability used is not the relative per-
meability because the previous equation is derived in
the internal portion of the tube where there is no mate-
rial, only air or vacuum. Recall that the magnetic field
has been assumed sinusoidal giving _Hi0 = jvHi0.
Solving equation (37) for Ei0 and setting this equal to
equation (36a) evaluated at ri gives

� jvm0ri

2
Hi0 =

ffiffiffiffiffiffiffiffi
�2j

p r

d

nI
F01 mi,mið Þ
F00 mi,með Þ � Hi0

F01 me,mið Þ
F00 mi,með Þ

� �
ð38Þ

from which Hi0 can be determined to be

Hi0 =

ffiffiffiffiffiffiffiffi
�2j
p rnI

d

F01 mi,mið Þ
F00 mi,með Þffiffiffiffiffiffiffiffi

�2j
p r

d

F01 me,mið Þ
F00 mi,með Þ �

jvm0ri

2

ð39Þ

With Hi0 known, E0 can be determined and then cur-
rents in the body can be found by application of Ohm’s
law. Note that the determined E0 is only valid in the
workpiece where there is no source current applied;
thus, the current found from application of Ohm’s law
will be the eddy current. The application of Poynting’s
vector allows for the time-averaged power derived using
the Maxwell equation reduction QME to be found (Lupi
et al., 2015) as

QME =E � J= r

2
Je0 � J�e0 ð40Þ

where Je0 is the eddy current density (A/m2). Examining
the previous equations, it can be seen that the power is
a function of radius. The time-averaged power as a
function of radius has a distribution close to that of an
exponential function. We can apply the thin-walled
tube assumption to this and examine a small segment
through the thickness where the power will be approxi-
mately linear. To further reduce this variation from lin-
ear to constant, we take the mean value hQMEi to be

hQMEi=
1

re � ri

ðre

ri

QMEdr ð41Þ

The normalized power QME=hQMEi as a function of
the normalized radius (0 at ri, 1 at re) is shown in
Figure 2. Note that the areas under the two curves are
equal.

Method II: induced flux method. The previous method
assumed that the tube was thin walled after

Figure 2. The normalized power QME=hQMEi as a function of
the normalized radius (0 at ri, 1 at re).
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determining the power in the cylinder as a function of
radius (Davies and Simpson, 1979). An alternate deri-
vation based on the assumption of a thin-walled tube is
now presented. Since the cylinder is thin, the flux can
be assumed constant through the thickness. Similar to
equation (37), the emf e in the cylinder can be related
to the magnetic field by

e=Am0
_Hind

0 = jAm0vHind
0 ð42Þ

where A is total area enclosed by the cylinder (because
re’ri, A’Ai) and Hind

0 is the magnetic field induced in
the cylinder. The process derived in Davies and
Simpson (1979) assumes the material is nonmagnetic,
which is true of the SMA materials considered (mr = 1).
Ohm’s law can be used to relate the current I ind to the
emf e and resistance R of the cylinder given as

I ind =
e

R
= j

Am0v

rpd= tlð ÞH
ind
0 ð43Þ

where d, t, and l are the mean diameter, thickness, and
length of the cylinder. Because the cylinder is thin, the
induced magnetic field can be assumed to be decom-
posed into the applied magnetic field H

app
0 less the field

due to I ind as

H
app
0 =

I ind

l
+Hind

0 = j
Atm0v

rpd
Hind

0 +Hind
0 ð44Þ

For simplification, let us introduce the constant

G=
Atm0v

rpd
=

At

pd

2

d2
=

td

2d2
ð45Þ

which gives

H
app
0 = 1+ jGð ÞHind

0 ð46Þ

The power derived using the induced flux method
QIF in the cylinder can now be found as

QIF = eI ind =
e2

R
=pf m0 Alð Þ G

1+G2
H

app
0

	 
2 ð47Þ

where H
app
0 = nI . Finally

QIF =pf m0

Al

V

� �
G

1+G2
nIð Þ2 ð48Þ

Note that QIF is divided by the volume of the cylin-
der to achieve the correct units of Watt/cubic meter.

Method comparison. To compare the two methods, we
note that most applications of SMA torque tubes actu-
ally utilize a thick-walled tube (d=t� 10) rather than a
thin-walled tube (d=t � 10). Here, we examine an 8-in
(203-mm)-long SMA tube with outer diameter of
0.375 in (9.525 mm) and a variable wall thickness from

1% to 20%, subject to induction heating using a 120
turn coil with peak current I = 47A at f = 49kHz. The
results of a varying thickness are shown in Figure 3.

We see that QIF as obtained by equation (48) experi-
ences a significant change as d=t approaches 10. Davies
and Simpson (1979) notes that the developed solution
is reasonably accurate for d=t � 10 and t=d� 0:2.
Therefore, when a thickness is near or above 10%, as is
the case with most common SMA torque tube actua-
tors, QME as obtained by equation (40) is likely a more
accurate estimate.This assumption is based on the fact
that QIF was developed to be accurate in a very specific
range of tube thicknesses, and QME was developed to
model any size tube using a much more rigorous physi-
cal approach. Once outside of the range of thicknesses
that QIF was developed for, the accuracy is significantly
reduced due to the assumption of a constant through-
thickness flux. Note that as the tube become thinner,
the solutions converge to approximately the same
value. As an additional point of comparison, the power
given by QME and QIF is 1204 and 1075 W, respectively,
at a thickness of 10% of the diameter.

Reduced thermomechanical equations

As mentioned previously, prior FEA work excluded
latent heat due to phase transformation and also
excluded the phase and temperature dependence of the
resistivity. These important effects are incorporated
herein in to the novel ODE approach. The material
constants in constitutive equations are best obtained
from experiments in which the stress and strain are
homogeneous, that is, do not vary spatially. However,
in the case of the torque tube, the shearing stress in the
elastic case varies linearly in the radial direction.
Furthermore, the material constants are not deter-
mined from direct measurements of stress and strain,
but rather from the applied torque and the angle of
rotation, which are properties of the entire body, not a

Figure 3. Comparison of QME and QIF as a function of wall
thickness.
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material point. Therefore, one must choose a radius at
which to assign the material constants, which are
obtained by curve-fitting to the torque–rotation
response. As long as the stress distribution is constant,
any radial location can be used. During transforma-
tion, the stress distribution changes and does deviate
from linearity, but as shown in Figure 16 of Saunders
et al., 2016, the deviation is small. In the present case,
we choose the outer radius because that is a location
for which instruments can more easily be attached in
subsequent studies. For a tube undergoing pure tor-
sion, the three-dimensional (3D) stress state can be
reduced to s23 =s32 = t, and all other components
are null. The shear stress t at the outer diameter de can
be estimated by

t =
Trde

1
32

p d4
e � d4

i

	 
 ð49Þ

where Tr is the torque and di is the inner diameters of
the tube. The SMA model is simplified by considering
the reduced stress state in a thin-walled tube under tor-
sion and assuming that the stress is time independent,
that is, a constant value during heating and cooling. A
Gibbs free energy that is identical to the free energy for-
mulated in equations (10) to (12) is used with the excep-
tion the thermoelastic term, which does not contribute
to the shear stress, is neglected. This gives a total engi-
neering shear strain g and entropy as

g=m jð Þt + gt ð50aÞ

s= c ln
T

T0

� �
+ s0 ð50bÞ

where m is the shear modulus. The evolution equations
(equation (17)) are reduced to

_gt = _jLt tð Þ ð51aÞ

_gt = f t � bLt tð Þ
� �

_j ð51bÞ

Lt tð Þ=
ffiffiffi
3
p

2
Hcur tð Þ ð51cÞ

Hcur tð Þ= 2Hmax 1� e�
ffiffi
3
p

kt t +bð Þ
� �

ð51dÞ

where b is the two to three components of back stress
with all other components being zero. The factor of 2
in equation (51d) has been added to make Hcur(t) com-
patible with the engineering shear strain. In this formu-
lation of the evolution equations, it is assumed that the
tube is initially 100% martensite. Therefore, there is no
need for Lt(t) to have a different forward and reverse
formulations. The thermodynamic driving force P

given by equation (22) is reduced so that

P t, T , jð Þ= 2 t +bð ÞLt tð Þ+ 2t2 1
mM � 1

mA

� �
+ rm~s0T � rm~u0 � f t ð52Þ

The transformation function constraining the evolu-
tion of the martensitic volume fraction (equation (20))
can be written as

Ft =

Ft
fwd = 2 1� Dð Þ t +bð ÞLt tð Þ

+ 2t2 1

mM
� 1

mA

� �
+ rm~s0T

�rm~u0 � f t
fwd � Y0

; _j.0

Ft
rev =� 2 1+Dð Þ t +bð ÞLt tð Þ

�2t2 1

mM
� 1

mA

� �
� rm~s0T

+ rm~u0 + f t
rev � Y0

; _j\0

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð53Þ

where D is a model parameter that captures the stress
dependency of the critical thermodynamical force cor-
responding to the distinct forward and reverse transfor-
mation slopes on the phase diagram (Lagoudas et al.,
2012). The parameters ~u0, Y0, a1, a2, and a3 can be
found as

a1 = rm~s0 Mf �Ms

	 

ð54aÞ

a2 = rm~s0 As � Af

	 

ð54bÞ

a3 =�
a1

4
1+

1

n1 + 1
� 1

n2 + 1

� �

+
a2

4
1+

1

n3 + 1
� 1

n4 + 1

� �
ð54cÞ

rm~u0 =
rm~s0

2
Ms +Af

	 

+ 2bLt 0ð Þ ð54dÞ

Y0 =
rm~s0

2
Ms � Af

	 

� a3 � 2bDLt 0ð Þ ð54eÞ

with

D=
Cm � Ca

Ca +Cmð Þ Lt t�ð Þ+ t�+bð Þ ∂Lt t�ð Þ
∂t

� � 3

Lt t�ð Þ+ t�+bð Þ ∂Lt t�ð Þ
∂t

+ 2t�
1

mM
� 1

mA

� �� �
ð55Þ

and

rm~s0 =�
4CaCm

Ca +Cm

Lt t�ð Þ+ t�+bð Þ ∂Lt t�ð Þ
∂t

+ 2t�
1

mM
� 1

mA

� �� �
ð56Þ

where t� is the calibration shear stress at which the
slopes of Ca and Cm are measured. With this
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transformation function for the SMA tube under pure
torsion known, equations (25) and (50b) can be com-
bined to yield

1

2
rJe0 � J�e0 �r � q= �P t, T , jð Þ+ rm~s0Tð Þ _j+ rmc _T

ð57Þ

Note that (1=2)rJe0 � J�e0 gives the heating power due
to induction. This term can be equivalently replaced by
either QME or QIF . In this work, as alluded to in the
method comparison, we choose QME. The shear stress
rate _t has also been neglected since it is assumed in this
ODE that t is time independent (i.e. the applied torque
is constant). The eddy current density Je0 has only one
component, the circumferential. Equation (57) can be
rewritten by noting that _j is only nonzero when the
SMA is transforming and by recalling that _jFt = 0,
giving

QME �r � q= 7Y t + rm~s0Tð Þ _j + rmc _T ð58Þ

where Y t = Y0 + 2(t +b)DLt(t) and the notation of
‘‘7’’ has been introduced with the upper sign used to
indicate forward transformation and the lower to indi-
cate reverse. Finally, it is noted that the only heat
sources and sinks are due to induction heating and con-
vective terms such that equation (58) can be written in
its final form as

QME � h
A

V
T � T‘ð Þ= 7Y t + rm~s0Tð Þ _j + rmc _T ð59Þ

where h is the convection coefficient inside of the tube
and A and V are the area and volume of the SMA tube,
respectively. If latent heat effects are not considered in
the ODE, the equation is linear.

Energy balance ODE implementation

The energy balance ODE (equation (59)) is implemen-
ted in MATAB using the return mapping algorithm as
described in Qidwai et al. (2008). The inputs to this
model are the initial temperature, SMA tube dimen-
sions, electric current, frequency, number of coil turns,
and the heating/cooling times. The ODE approach uses
the Gauss–Seidel time marching scheme shown in
Figure 4. This process has been successfully used in
other coupled SMA-based problems (Bertagne et al.,
2015b; Oehler, 2012). In this scheme, the appropriate
initial conditions are passed to both the electromag-
netic and thermomechanical algorithms.The thermome-
chanical problem is then solved for the first increment
to obtain the current temperature and phase. The tem-
perature and phase are then given to the electromag-
netic problem to determine and evolve the electrical
resistivity at the current step. This allows for a new
Joule heating power to be determined. The heating

power is then given back to the thermal problem, along
with the previous temperature and phase, to determine
a new temperature and phase. The process is continued
in this manner for the duration of the heating and cool-
ing process.

Analytical solution to linearized ODE

We linearized equation (59) to derive an analytical solu-
tion which approximately accounts for the effects of
latent heat. We first recognize that _j can be rewritten
(Boyd and Lagoudas, 1996) as

_j = � ∂P

∂j

� ��1
∂P

∂s
_s+

∂P

∂T
_T

� �
ð60Þ

but restrict ourselves to _s ffi 0, which gives

_j= � ∂P

∂j

� ��1
∂P

∂T
_T ð61Þ

where ∂P=∂T = rm~s0 and ∂P=∂j =� ∂f t=∂j =� ( f t).
Note that f t as used in this work is nonlinear (known as
the ‘‘smooth’’ hardening model developed by Lagoudas
et al., 2012). To linearize this, we assume ni = 1 and
reduce f t to the quadratic hardening model of Boyd
and Lagoudas (1996) given as (Lagoudas et al., 2012)

f t =
a1j � a2 + a1

4
; _j.0

a2j+
a2 � a1

4
; _j\0

8><
>: ð62Þ

Now ∂P=∂j can be found to be

� f tð Þ=
�a1; _j.0

�a2; _j\0

(
ð63Þ

which is no longer dependent on j. Equation (59) can
be rewritten using equation (61) as

QME � h A
V

T � T‘ð Þ= 7Y t + rm~s0Tf

	 

rm~s0

f tð Þ + rmc
h i

_T

ð64Þ

where Tf is the fixed temperature chosen to linearize the
equation. As is done in typical lumped capacity models,

Figure 4. Gauss–Seidel time marching scheme used to couple
the electromagnetic behavior to the thermomechanical behavior
in the ODE approach.
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we let u= T � T‘ such that _u= _T . We can now rear-
range to obtain

_u= c1u+ c2 ð65Þ

where c1 =(h=c3)(A=V ) and c2 =(r=2c3)Je0 � J�e0 with

c3 =

�Y t + rm~s0Tf

	 
 rm~s0

a1

+ rmc; _j.0

Y t + rm~s0Tf

	 
 rm~s0

a2

+ rmc; _j\0

8>><
>>:

Equation (65) has the general solution

u= c4e�c1t +
c2

c1

ð66Þ

subject to initial conditions u(0)= u0 = T0 � T‘.
Solving c4 yields the form

u= u0 �
c2

c1

� �
e�t=c1 +

c2

c1

ð67Þ

A nondimensional form of equation (67) can be cre-
ated by defining the normalized time T= t=c1 and

normalized temperature Y= u=u0 and then dividing by
u0 throughout, yielding

Y= 1�Ycð Þe�T +Yc ð68Þ

where Yc = c2=c1u0.

Results

The remainder of this work will focus on induction
heating of a homogeneous, prismatic SMA torque tube
actuator with active length L of 8 in (203 mm), with
outer and inner diameters de and di of 0.375 in
(9.525 mm) and 0.225 in (5.715 mm), respectively. In
all cases, the tube has a constant applied twisting
moment on one end and is fixed at the other. The ODE
constitutive parameters must be calibrated, and the
results associated with this calibration are shown in
Figure 5 and Table 1. To calibrate the constitutive
model, an SMA torque tube is subjected to five con-
stant torsional loads, three of which are shown, and the
actuation response due to a changing temperature is
measured. The temperature measured is the input to
the FE model modeling a finite thickness tube and to

Figure 5. SMA calibration experiment compared to the ODE and calibrated FE model. The normalized rotation is the rotation
measured multiplied by the ratio de=(2L): (a) 10 MPa, (b) 70 MPa, and (c) 140 MPa.
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the ODE simulating a thin-walled tube. The constitu-
tive parameters are varied until the appropriate actua-
tion response is achieved. For further details of the
calibration, the interested reader is referred to Saunders
et al. (2016).

Power variation

In the first study, the input power to the system is var-
ied, and the temperature at the middle of the tube on
the outer surface is examined. At this location, there
are neither end effects nor variation tangentially
around the tube. The power is varied by maintaining a
constant induction frequency and varying the coil cur-
rent across three discrete root mean square (RMS) lev-
els: 49.9, 45.3, and 21.4 A at a frequency of 55 kHz;
this corresponds to input power levels of 1150, 840,
and 225 W, respectively. The parameters chosen for
this study are based on the current experimental cap-
abilities. Much higher heating rates are possible and
able to be simulated with the models. Future optimiza-
tion and improvement of the induction system will
show more rapid heating times. The study models a 10-
AWG copper magnet wire wrapped tightly around the
SMA tube. No active cooling is considered, minimizing

Figure 6. Power measurement study results. The highest heating rates correspond to the highest input power. (a) 1150 W
induction heating power measurement, (b) 840 W induction heating power measurement, and (c) 225 W induction heating power
measurement.

Table 1. SMA electromagnetic and mechanical constitutive
material parameters (Saunders et al., 2016).

Property Tube

Electromagnetic parameters
mr 1.002
ra (mO cm) 76
rm (mO cm) 82

Heat transfer parameters
g (kg/m3) 6450
c (J/kg/K) 850
k (W/m/K) 10

Thermoelastic parameters
mA (GPa) 10.52a

mM (GPa) 6.58a

am =aa (/K) 0.00
Phase diagram parameters

Ms,Mf (K) 335, 311
As, Af (K) 333, 354
Cm, Ca (MPa/K) 5.5, 7.9

Transformation parameters
Hmax (%) 3.35
kt (/MPa) 0.0172
b (MPa) 58

Smooth hardening parameters
n1, 2, 3, 4 0.3

SMA: shape memory alloy.
aCalibrated from torsion testing.
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the number of possible variables in the numerical
study. Thus, only the heating of the tube is modeled
since cooling is accomplished by free convection over a
long time relative to heating. The torque in all three
power variations was held constant at 21 N m.

The results of the models are shown in Figure 6. The
addition of the effects of latent heat in the nonlinear
ODE (equations (40) and (59)) and analytical solutions
(equation (67)) allows for the significant deviations
from linearity to be captured, but in general, both solu-
tions slightly overestimate the rate of heating in the
SMA body relative to the FE model. The analytical
solution agrees well with the nonlinear ODE with the
only differences coming from the difference in transfor-
mation function. The ODE approach numerically
solves a smooth hardening function where the analyti-
cal uses a quadratic hardening function. Differences in
predicted temperature are relatively small when com-
pared to the 83% average decrease in computation time
when using the analytical solution versus the nonlinear
ODE approach and 99% decrease in computation time
when compared to the FE solution.

Active cooling

In this second study, higher rate induction heating was
achieved by changing from a 10-AWG coil to a smaller
14-AWG coil to increase the current density. In the
induction coil, an RMS current of 33 A and voltage
31.5 V were applied at 49.1 kHz. The chosen para-
meters are again based on current experiment capabil-
ities. The applied torque again remained constant at
21 N m. To achieve high rate cooling, active methods
were modeled; a mixture of 90% water and 10% ethy-
lene glycol was simulated to flow through the tube at a
volumetric flow rate of 1.2 gal/min (75 cm3/s). The
thermal effect of the flow was simulated using a forced
convection boundary condition in the ODE approach.
The convection coefficient h and sink temperature T‘

of 1400 W/C/m2 and 24�C, respectively, were found
through an iterative parametric study. A more rigorous
analysis of these convective mechanisms is beyond the
scope of this article. The result of the high-rate actua-
tion study is shown in Figure 7.

The only significant deviations from the FE model
occur due to the consideration of latent heat. To fur-
ther explore the results of the ODE and analytical
implementations, the normalized rotation (output rota-
tion angle normalized by the ratio of outer diameter to
length (d0/(2L)) developed over time is compared
between the three models in Figure 8(a). The FE model,
nonlinear ODE solution, and analytical solution in
Figure 8(b) generally agree as expected based on the
previous calibration of Figure 5. It is known that the
effects of induction heating and most especially of
active cooling led to substantial spatial gradients in the
tube not accounted for by the two reduced-order

models. Note that the difference in martensite start
temperature in between the ODE and analytical model
is approximately 3�C and is due to the difference in
chosen hardening models. The FE response shown in
Figure 5 is smoother than in Figure 8(b) primarily
because the heating is accomplished in minutes in the
calibration and seconds in the simulation. The FE
response could be smoothened by taking smaller time
steps, at the cost of greater computation time.

Conclusion

A simplified model for the induction heating of SMA
torque tubes has been derived and implemented. The

Figure 8. Comparison of normalized rotation developed (a) in
time and (b) with temperature between the three models in the
SMA tube.

Figure 7. High-rate actuation study results after a parametric
study to determine a convection coefficient of 1400 W/C/m2

and sink temperature of 24�C.
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governing partial differential equations in space and
time have been presented and reduced to create two
reduced-order engineering models, a nonlinear ODE in
time and an analytical solution derived by linearizing
the nonlinear ODE. Both derived engineering models
have proven to be accurate in predicting the actuation
behavior of an SMA torque tube being inductively
heated when compared to FEA results. Future work
will implement the developed engineering models in
optimization frameworks with the goal of improving
actuation performance and will utilize these models in
control schemes where the reduced computational times
are more desirable than the exact behavior.
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