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Abstract
Shape memory alloy (SMA) actuators deliver high forces while being compact and reliable,
making them ideal for consideration in aerospace applications. One disadvantage of these
thermally driven actuators is their slow cyclic time response compared to conventional actuators.
Induction heating has recently been proposed to quickly heat SMA components. However efforts
to date have been purely empirical. The present work approachs this problem in a computational
manner by developing a finite element model of induction heating in which the time-harmonic
electromagnetic equations are solved for the Joule heat power field, the energy equation is solved
for the temperature field, and the linear momentum equations are solved to find the stress,
displacement, and internal state variable fields. The combined model was implemented in
Abaqus using a Python script approach and applied to SMA torque tube and beam actuators. The
model has also been used to examine magnetic flux concentrators to improve the induction
systems performance. Induction heating experiments were performed using the SMA torque
tube, and the model agreed well with the experiments.

Keywords: induction heating, shape memory alloy, simulation, finite element analysis,
electromagnetics, multiphysics
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1. Introduction

Shape memory alloys (SMAs) are active materials that pro-
vide lightweight, compact actuation with a high volume-
specific mechanical energy density. SMAs can recover strains
as large as 10% due to changes in temperature and/or stress
[1]. The inelastic recoverable strain generated in the SMA is
commonly referred to as transformation strain or actuation
strain. This transformation strain is due to a diffusionless
solid-to-solid transformation from a parent phase (austenite)
to one or more crystallographic variants of martensite [2].
Although there is only a single variant of austenite, there can
be many variants of martensite [3]. These martensite variants
can be oriented under the appropriate application of stress and
temperature, resulting in reconfigurable strains that can be
recovered during martensitic transformation. This is known as
the shape memory effect (SME) and provides a solid-state
alternative in general actuation applications. Reliable SME

must be ‘trained’ in the SMA by thermo–mechanically
cycling the actuator under load in the direction of desired
actuation until a stable hysteresis is achieved. Based on a
number of factors, training may result in an SMA component
that favors a particular internal distribution of oriented mar-
tensite variants that can generate and recover substantial
deformations under no applied load. This behavior is known
as the two-way SME. The most common form of SMA
actuator is wire, which can actuate in a uniaxial tensile
manner and, when they are formed into extensional springs,
in a locally torsional manner. If actuation is desired in other
directions, systems can be devised that allow these wires to be
used, but such systems can become complex and inefficient in
terms of volumetric energy density. To provide an alternative
to wire-based solutions, recent developments have shown that
SMA material can be processed and trained as large speci-
mens with the ability to bend and twist under substantial
loads [4].
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SMA torsional actuators, commonly torque tubes, can be
used for large-scale applications. SMA torque tubes are par-
ticularly useful for actuation in aerospace applications such as
wing twisting [5–7], rotor blade twisting [8, 9], and space
based radiator morphing [10, 11]. Since the primary mode of
operation in SMA tubes is not tensile, the methods tradi-
tionally used to train and characterize SMA wires are not
applicable. Many authors have developed reliable methods
able to accurately characterize [12, 13] and model [14, 15] the
behavior of torque tubes under a variety of thermal and
mechanical loading conditions. In addition to torsional
actuators, SMA bending beams have found application in the
aerospace community. These beams have been characterized
and modeled for a variety of aircraft [16, 17] and spacecraft
[18, 19] applications as well as structural damping applica-
tions [20] beyond the aerospace industry.

While SMAs have a very high volumetric energy density
compared to other actuators their actuation rate and frequency
is limited by how quickly heat can be added and removed
from the SMA component. Many authors suggest methods of
heating and cooling [21–23], some of which are summarized
in table 1. The size and shape of the SMA body greatly affects
the choice of heating and cooling system implemented. Direct
resistive heating is accepted as the most efficient heating
method but such a method is generally current-limited to
small and slender (i.e. wire) implementations. For large pie-
ces, conductive and inductive heating become the best
options. The speed of conductive heating is limited by dis-
tance (i.e. part size) and thermal conductivity, which is quite
low in SMAs3. Inductive heating then becomes an attractive
option to heat a large SMA component in a short time.

Induction heating is a non-contact heating method
whereby an alternating current is input to a coil, inducing a
time-harmonic electromagnetic field inside the coil. An
electrically conductive workpiece in the vicinity of the coil
and the field it generates experiences an induced internal
current at the same frequency as the exciting frequency but
having an opposite flow of current. Induction heating is
commonly used in industrial manufacturing processes such as
forging, material forming, heat treatment, or melting. The

frequency utilized is relatively high(≈104–106 Hz(or 1/s)).
Induction heating offers benefits over other heating methods,
in particular conduction and convection, in terms of better
thermal control and higher heating rate. The induced currents,
known as eddy currents, result in a localized Joule heating
effect in the workpiece. The induced currents are spatially
non-uniform; their distribution depends on the workpiece
shape, its electromagnetic properties, the eddy current fre-
quency, the proximity of the workpiece to the coil, and the
existence of other electrically conductive or magnetic bodies
in the vicinity. The combination of these parameters affects
the depth to which the magnetic field can penetrate the
workpiece, known as the skin effect. A result of this skin
effect is that 86% [36] of the heating power is often con-
centrated on the surface of a large conducting workpiece and
the magnitude of the magnetic field decays exponentially as
the distance from the surface increases. The penetration depth
δ is defined as the distance from the workpiece surface at
which the magnetic field has decayed to a factor of -e 1

relative to its surface value [36] and is given by:

d
r

pm m
=

f
, 1

0 r

( )

where ρ is the electrical resistivity, m0 is the magnetic
permeability of vacuum ( p ´ -4 10 7 Hm−1), mr is the relative
magnetic permeability, and f is the frequency in Hz of the
current.

Induction heating has recently been applied to a number
of active material applications in an experimental manner. For
example, work with shape memory polymers has shown that
magnetic nanoparticles embedded in the polymer matrix
allow the material to achieve faster heating and in turn faster
actuation [37, 38]. In alloy manufacturing, induction heating
is used as a method to quickly and cheaply melt pure metals
(i.e. Ni-pellets and Ti-rods); in SMA production, this yields a
material that has a better chemical homogeneity relative to
other methods [39–41]. Induction heating had been imple-
mented in SMA medical device applications as it offers a
method of non-contact heating whereby only the SMA
component is heated while the surrounding material is not
[42–45]. Outside of the medical device industry,
Hamiltonet al used induction heating to heat grips for testing
a single crystal SMA specimen [46], Wetzel used induction
heating to actuate an SMA piece in a controlled de-bonding
application [47], and Webster considered the use of induction
heating for SMA components associated with an adaptable
turbine exhaust [35, 48]. To fully understand how active
materials and induction heating interact, predictive analytical/
computational studies of SMA components in an electro-
magnetic field is desired. Takagiet al[49] showed simula-
tions of an electromagnetic field in an SMA plate using a
phenomenological model, but that work does not develop
such a model for a general component. There are also
reduced-order models for both the pseudoelastic torsional
behavior of SMA tubes [15] and induction heating of tubes
[36], which can be combined to address the problem but again
these models would not account for induction heating heating
of general SMA actuators.

Table 1. Potential heating and cooling methods for shape memory
alloys.

Heating Cooling

Direct resistive [25–28] Free convection (air) [29]
Capacitance-assisted resis-
tive [23]

Liquid immersion [30]

Conductive [16] Forced air/liquid convec-
tion [29]

Convective [30] Peltier effect [31]
Radiative (including
laser) [32, 33]

Heat sinking [34]

Inductive [35] Cool Chips technologya [21]

a
Electron transport across a vacuum diode. Suitable for miniaturized

applications such as micro-robotics.

3 Approximately 5% that of a pure aluminum [24].
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The goal of the research reported herein was to develop
and demonstrate for the first time a 3D spatial and temporal
finite element model for induction heating of SMA actuators
toward future design and optimization efforts. The paper is
organized as follows: the governing equations are presented
in section 2. The procedure for determining the electro-
magnetic and thermo–mechanical material constants for an
SMA torsional tube is presented in section 3. An SMA torque
tube and an SMA beam actuator are simulated in section 4.
Conclusions and future work are presented in section 5.

2. Governing equations

The objective in analyzing an SMA actuator is to understand
the spatial and temporal distributions of stresses, strains,
internal state variables (i.e. transformation variables), and
temperature throughout the body. The necessary equations are
presented in this section. In this work we assume small
deformations so that the material time derivative d/dt can be
replaced by the local time derivative ¶ ¶t, which is denoted
by an overhead dot i.e. (·). We also denote the magnitude of a
vector as ∣ · ∣ and the magnitude of a complex vector is given
by *(·)(·) , where the * is the complex conjugate of the vector.

2.1. Physical principles

In general the conservation of linear momentum [50] requires
universal local satisfaction of

s + =f 0, 2· ( )
where s is the (symmetric) Cauchy stress tensor. However in
this work, the electromagnetic and gravitation body forces
[51]

r r= +  + ´ +  +f E E P J B B M g 3c T m( ) ( ) ( )
are assumed to be negligible. In these equations, rc is the free
electric charge density, E is the electric field intensity, P is
the polarization, J is the current density, B is the magnetic
flux density, M is the magnetization, rm is the mass density,
and g is the gravitational constant. The linear strain-
displacement equations [50] are used:

e =  + u u
1

2
, 4T[ ( ) ] ( )

where e is the total strain tensor and u is the displacement
vector. The first law of thermodynamics is written as

s er = + + + - E D H B E J qu : , 5m ˙ ˙ · ˙ · ˙ · · ( )
where u is the specific internal energy, H is the magnetic field
intensity, D is the electric displacement, and q is the
conduction heat flux vector. In addition to the first law, the
second law must be used to develop thermodynamically
consistent constitutive equations. The second law can be
written in the form of the Clausius–Planck inequality [1] as

r +  qs 0, 6m˙ · ( )
where s is the entropy. Time varying electromagnetic fields
such as those in induction heating are described by Maxwellʼs

equations in the local form using a magneto-quasi-static
approximation(frequencies below about 10 Hz9 the rate of
charge displacement, Ḋ, is negligible compared to the
conduction current.) [52–54] as

 ´ =H J aAmpere s law , 7( ʼ ) ( )
 ´ = -E B bFaraday s law , 7˙ ( ʼ ) ( )

 =B c0 Gauss’ law for magnetism . 7· ( ) ( )

2.2. Constitutive equations

In this work all material properties are assumed to be iso-
tropic. A Gibbs free energy is chosen with the following
independent variables, s e x= D BG G T g, , , , , ,t t( ), where
T is the temperature, et is the transformation strain tensor, ξ
denotes the martensite volume fraction, and gt is the trans-
formation hardening energy. The Coleman–Noll procedure
[55, 56] can be applied to derive

= -
¶
¶

s
G

T
a, 8( )

e
s

r= -
¶
¶
G

b, 8m ( )

r=
¶
¶

E
D
G

c, 8m ( )

r=
¶
¶

H
B
G

d. 8m ( )

Application of the second law of thermodynamics results in a
dissipation inequality, which we assume can be decomposed
into the following three inequalities

E J a0, 9· ( )
- q T b0, 9· ( )


e
e

x
x

¶
¶

+
¶
¶

+
¶
¶

G G G

g
g c: 0. 9

t
t

t
t˙ ˙ ˙ ( )

The first two inequalities are able to be decoupled by
neglecting thermal electric effects(Seebeck and Peltier) and
the third represents the generalized thermodynamical forces
[1, 57]. The form of the free energy is chosen so that the
magnetic constitutive relations, Ohmʼs law, and Fourierʼs law
are given by

m m=B H a, 100 r ( )

r=E J b, 10( )
= - q k T c. 10( )

where m0 is the magnetic permeability of free space, mr is the
relative magnetic permeability, ρ is the electrical resistivity,
and k is the thermal conductivity.

There are many models that describe SMA behavior
[58, 59]. The model chosen herein was developed by
Lagoudaset al[1, 3, 57]. This model is computationally
efficient and has been proven experimentally accurate under a
variety of thermo–mechanical loading conditions [60]. The
model has recently been modified by Hartlet al to account for
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the effects of plasticity [61] and transformation induced
anisotropy [62, 63].

Because the electromagnetic and thermomechanical
terms in the free energy are assumed to be uncoupled, the
thermomechanical specific Gibbs free energy due to the
austenite, martensite, and mixed phases is given by the rule of
mixtures as

s e s s

s s e

x x= +

- +

G T g G T G T

G T G g

, , , , , ,

, , , .

11

SMA t t A M

A mix t t

( ) ( ) [ ( )
( )] ( )

( )

GA and GM represent the Gibbs free energy in the austenite
and martensite phases respectively. Assuming a quadratic
stress dependence, zG for z = A M, gives

s s s s a
r r

=- - -

+ - - - +

z z z

z z z
⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

SG T T T

c T T T
T

T
s T u

,
1

2
:

1
:

ln

12

m m 0

0
0

0 0

( ) ( )

( )
( )

and the mixing term is given as

s e s e
r r

= - +G g g, ,
1

:
1

. 13mix t t
m

t
m

t( ) ( )

The parameters S, T0, s0, and u0 are the compliance tensor,
reference temperature, specific reference entropy, and specific
reference internal energy. The values of S, s0, and u0 are all
assumed to be dependent on the phase of the material. The
specific heat c, density rm, and the second-order coefficient of
thermal expansion a are assumed constant regardless of
phase. The phase-dependent parameters are also evaluated by
a rule of mixtures in terms of ξ. For example, the compliance
tensor xS ( ) is found as

x x x= + - = +S S S S S S. 14A m A A( ) ( ) ˜ ( )
Now using the procedure of Coleman–Noll, the total strain
and entropy are obtained as

e
s

s a er x x= -
¶
¶
= + - +S

G
T T 15m

0
t( ) ( )( ) ( )

and

s a
r

= -
¶
¶
= + +

⎛
⎝⎜

⎞
⎠⎟s

G

T
c

T

T
s

1
: ln . 16

m
0

0 ( )

Equation (15) can be rewritten in a more common form as
Hookeʼs law,

s e e e a= = - - -- -S S T T . 171 el 1 t
0[ ( )] ( )

The evolution equations governing the transformation
strain and hardening are given as

e xL= a, 18t t˙ ˙ ( )

x=g f b, 18t t˙ ˙ ( )

e
s

s
s

x

x
x

L =
>

<
-

⎧
⎨
⎪⎪

⎩
⎪⎪

s
H

c

3

2
; 0,

; 0,
18t eff

cur eff
eff

eff

t r

r

( )
( ) ˙

˙
( )

s = - sH H d1 e , 18kcur eff
max

t eff( ) ( ) ( )
s s b= + e, 18eff ( ) ( )

where Hmax is the maximum uniaxial transformation strain,
seff is the deviatoric effective stress, e -t r is the transformation
strain tensor at cycle reversal, x r is the martensitic volume
fraction at reversal, b is the back stress tensor developed
during previous processing and training and which does not
evolve in this case, kt is a parameter that controls the rate at
which Hcur evolves exponentially, seff is the Mises equivalent
of the effective stress given as

s = s s
3

2
: 19eff eff eff ( )

and ft is given for forward and reverse transformation as

x x x

x x x
=

+ - - + >

+ - - - <

⎧
⎨⎪
⎩⎪

f
a a

a a

1 1 ; 0,

1 1 ; 0.
20

n n

n n

t

1

2 1 3

1

2 2 3

1 3

3 4

( ( ) ) ˙

( ( ) ) ˙ ( )

A transformation function constraining the evolution of the
martensitic volume fraction is postulated such that

x

x
F =

F = P - >

F = -P - <

⎪

⎪

⎧
⎨
⎩

Y

Y

; 0,

; 0
21t fwd

t t

rev
t t

˙
˙ ( )

which is constrained in the manner of classical plasticity so
that

  x xF F =0, 0, 0 1, 22t t˙ ( )
with the thermodynamic driving force, Π, given by

s s s sx

r r

LP = +

+ - -

ST

s T u f

, , :
1

2
:

, 23

t eff

m
0

m
0

t

( ) ˜

˜ ˜ ( )
where s0̃ and u0˜ are the difference in reference entropy and
internal energy, respectively between austenite and marten-
site. The constant Yt is a critical value at which transformation
occurs, a1, a2, and a3 are transformation hardening coeffi-
cients, and n n,...,1 4 are transformation hardening exponents.
The parameters s0̃, u0˜ , Yt, a1, a2, and a3 can all be expressed in
terms of the phase diagram properties Ms, Mf, As, Af, C

A, and
CM as shown in [57]. These material properties are to be
determined and discussed in more detail later.

The constitutive equations must be further manipulated to
determine the effects of the latent heat of phase change. The
first law of thermodynamics(5) is expanded via (8b) as

s e ar xL= + +
+ + + - E J E D H B q

u T:

. 24

m el˙ (˙ ˙ ˙ )
· · ˙ · ˙ · ( )

A Legendre transformation is needed to combine and
manipulate the Gibbs free energy and the first and second
laws. This transformation is given by

s er r r= + +u G Ts: . 25m m m ( )
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Combining (24) and (25) gives

r
x= P + - E J qTs

1
. 26

m
˙ ˙ · · ( )

Now the definition of entropy is used to write

s
s

ex r
xL

-  =-
¶
¶ ¶

+
¶
¶

-
¶
¶ ¶

+
¶
¶ ¶

+ P

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

E J q T
G

T

G

T
T

T
G

T

G

T

1

27

2 2

2

2 2

t m

· · ˙ ˙

˙
( )

in (27), ẋ is eliminated using the fact that P = 0˙ during
transformation [3], which yields

s
sx

x
= -

¶P
¶

¶P
¶

+
¶P
¶

-

⎜ ⎟
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠T

T . 28
1

˙ ˙ ˙ ( )

substituting (28) reduces (27) to

a
s

s
r

-  = -
¶P
¶

+ -
¶P
¶

D

D⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠

E J q T

c
T

T

1
:

29

m
· · ˙

˙ ( )

where D is given by

a s

x

r r

= -
¶P
¶

´ P - + +

-

D
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢⎢

⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

⎤
⎦
⎥⎥T c

T

T
s

1 1
: ln . 30

1

m m
0

0˜ ˜ ˜ ( )

If transformation is not occurring(i.e. x = 0˙ ), (29) reduces to
simply

a s
r

-  = +E J q
T

cT: . 31
m

· · ˙ ˙ ( )

2.3. Final field equations

The first governing equation combines linear momentum with
Hookeʼs law and the strain-displacement relationship to give
the Navier–Cauchy equations [50] written as

e a  - - - =C u T T 0. 32t
0· [ ( ( ))] ( )

Assumptions are made to reduce the previous field and
constitutive equations to simpler forms. First, we assume that
the thermoelastic term a s: ˙ in the energy equation (31) is
negligible. Furthermore, the effects of thermo–mechanical
coupling due to latent heat are not modeled.
Mirzaeifaret al[64] modeled the effects of latent heat on
the response of SMA rods of circular cross section under pure
torsion. A numerical method was used to solve the coupled
energy and momentum equations. Tabeshet al[65] has also
created a model which considers the effects of latent heat in a
general 3D bodies, and this has been used in a the
computational design optimization of 3D aerostructures
[66]. The current work was undertaken to develop a finite
element method that is applicable to arbitrary geometries with

arbitrary distributions of Joule heating, which can have large
gradients. To this effect, we simplify our model by neglecting
the effects of latent heat and reduce (29) to

r +  =J J k T cT
1

2
, 332· ˙ ( )

which is subject to the convection boundary condition given
by

-
¶
¶
= - ¥

n
k
T

h T T , 34s( ) ( )

where h is the convection coefficient, Ts is the surface
temperature, T∞ is the ambient temperature, and n is the unit
normal to the boundary.

To reduce Maxwellʼs equations to a more useful form,
we begin by combining Ampereʼs law with Ohmʼs law

r
 ´ =  ´

⎛
⎝⎜

⎞
⎠⎟H E

1
, 35( )

which can be rewritten as

r r
  -  =  ´ +  ´

⎛
⎝⎜

⎞
⎠⎟H H E E

1 1
. 362( · ) ( )

Now Gauss’ law for magnetism and Farradayʼs law with
(10a) can be combined to yield

m m
r m

m

r
r

 =
¶
¶
-  

-  ´  ´

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

H
H

H

H

t

1

1
, 37

2 0 r

r
r

( )

which can be reduced, assuming a homogeneous permeability
and resistivity, to

m m
r

 =
¶
¶

H
H
t
. 382 0 r ( )

Equation (38) is in the same form as the diffusion equation
with constant coefficients, and is a common form in the
induction heating literature. However this equation requires a
boundary condition on the magnetic field, whereas the input
to induction heating is usually the magnitude and frequency
of the current in the coil. Therefore, we will derive an
equation based on the current in the coil. To describe a vector
field fully, both its divergence and curl must be uniquely
defined. From Gauss’ law for magnetism, the magnetic flux
density has zero divergence such that it is represented by the
curl of another vector A as

=  ´B A, 39( )
where A is known as the magnetic vector potential. Now from
Faradayʼs law, it follows that

 ´ = - ´E A 40˙ ( )
or

 ´ + =E A 0. 41( ˙ ) ( )
The curl of the gradient of any scalar field is always the zero
vector (i.e. f ´  = 0( ) ). This identity can now be applied
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to the previous equation to give

f= - - E A , 42˙ ( )
where f is the electric scalar potential. Now substituting
Ohmʼs law into Ampereʼs law gives

r
f ´ = - - H A

1
, 43( ˙ ) ( )

into which the constitutive equation for H and the magnetic
vector potential are substituted to yield

m m
r f ´  ´ = - + 

A
A1 . 44

0 r

( ˙ ) ( )

The source current is defined as r f= - J 1s . As is
common in induction heating, we consider the excitation to be
sinusoidal giving = wA A e j t0 and w=A Aj˙ , where A0

contains the magnitude and phase angle of A. The same
procedure can be done for Js to give = wJ J e j ts s0 . Combining
the previous equations gives

m m
w
r

 ´  ´ + =
w

w wA
A J

je
e e . 45

j t
j t j t0

0 r
0 s0 ( )

Assuming that the electromagnetic properties of the material
do not vary spatially allows (46) to be rewritten as

m m
w
r

 ´  ´ + =A A J
j1

, 46
0 r

0 0 s0 ( )

which is a more useful form than (38) and helps to formulate
a much simpler weak form for the finite element implementa-
tion. The reason for using a form of the diffusion equation
which considers a vector potential and current instead of
magnetic field is for simplicity. The boundary conditions on
the vector potential are simple because they decay to a small
value far away from the workpiece such that the magnetic
vector potential can be set equal to zero in the numerical
implementation. The source current term Js0 in (46)
corresponds to a simple current measurement. Now with the
single measurement of a single input quantity and a
sufficiently large finite element problem domain, we have
defined the source term and the boundary conditions of the
diffusion equation.

Returning to Ohmʼs law (10b) with the electric field
written in terms of potentials we have

r r
f

r
= - -  = - +J A A J

1 1 1
. 47s˙ ˙ ( )

We now note that J has both source and induced current
contributions expressed as

= +J J J , 48s e ( )
where the induced or eddy current is defined as

w
r

= -J A
j

49e0 0 ( )

and the minus sign indicates that the eddy currents are in the
opposite direction relative to the source currents. The Joule
heating term in (33) can now be reduced to a source term

based on eddy currents [67] so that

*r +  =J J k T cT
1

2
, 50e0 e0

2· ˙ ( )

where *Je0 is the complex conjugate of Je0. Note that *J Je0 e0·
is equivalent to Je0 2∣ ∣ . When writing (33), no assumption was
made regarding the form of J . But we have now assumed that
the current density and therefore the eddy current density is
harmonic and thus has real and imaginary parts. Therefore,
the complex conjugate must be used in order to account for
both the real and imaginary parts of Je0. In writing the Joule
heating term solely as a function of Je0, it is assumed that
heating due to electromagnetic hysteresis is negligible
compared to eddy currents and that there is no source current
applied in the workpiece. Thus with the rate of Joule heating
known the remaining thermo–mechanical equations can be
solved.

2.4. Model implementation

The governing electromagnetic equation (equation (46)) is
implemented in Abaqus Unified FEA [68]. The SMA con-
stitutive behavior captured in section 2.2 is also implemented
in Abaqus via a user material subroutine [69, 70]. In solving
the coupled electromagneticthermo–mechanical problem of
induction heating of SMA components, it is assumed that the
problem is one-way coupled and can be solved sequentially;
specifically, the electromagnetic problem is solved for a given
geometry and input coil current, after which the thermo–
mechanical problem is solved considering the generated
volumetric heat sources and hysteretic SMA constitutive
behavior. This process is similar to the one used by Bayet al
in [71] on non-transforming materials. In that work, a num-
erical model was created which considered the thermoelastic-
plastic behavior of an axisymmetric workpiece being induc-
tively heated including the variation in magnetic material
properties with very large changes in temperature. Here we
assume relatively small temperature changes such that the
resistivity and magnetic permeability do not vary with
temperature. This assumption allows us to eliminate feedback
so that the process can be simplified to a one-way(feedfor-
ward only) process as illustrated in figure 1.

In the overall engineering model, the coil is assumed to
be tightly wound so that it can be considered a continuous
sheet. A consequence of this assumption is that the phase
angle between the applied current and voltage is assumed to
be strictly 90°(i.e there is no lag in the voltage and current in
time). In an experimental setup a tightly packed coil is typi-
cally desired to achieve maximum current density (i.e. faster
heating) and a uniform heating distribution along the length of
the workpiece. In addition to the model description of the
workpiece and coil geometry, one must consider the domain
of air or vacuum around the workpiece. In this work, the
initial size of the problem domain is chosen based on the
recommendation given in [68] as approximately ten times the
characteristic length scale of the coil and workpiece. In
particular, the outer dimension of the domain was chosen
such that the field intensity at its boundary was two orders of
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magnitude less than the field intensity at the point of highest
field. The finite element mesh in this domain is globally
refined until a converged solution is found then we coarsen
the global mesh with local refinements where high gradients
exist so that the number of elements, and corresponding
analysis time, is reduced while maintaining solution accuracy.
In the electromagnetic problem, a body current density (Js0)
and frequency are applied in the coil and null magnetic vector
potential boundary conditions are applied on the outer domain
( =A 00 ). The only electromagnetic material properties
required and considered in this implementation are electrical
resistivity and magnetic permeability. The coil is modeled as
an equivalent current sheet in space, not as an actual material
therefor, the resistivity and permeability are considered the
same as vacuum to prevent calculation of eddy currents in the
coil [49, 67]. In some electromagnetic modeling imple-
mentations, the proposed form of Ohmʼs law is piece-wise so
that =J 0 outside of the conducting workpiece [71]. The
effects of a piece-wise form of Ohmʼs law and assuming
properties of vacuum in the coil have the same effect, which
is numerically preventing eddy currents from being solved in
the coil, which is being modeled as only an equivalent current
sheet. From the electromagnetic analysis, the nodal location
and magnitude of the Joule heating rate are obtained and
mapped into the thermo–mechanical problem as a volumetric
heat source. This numerical results extraction and mapping is
performed using a Python script, which is able to extract the
required information from the analysis output files.

The thermo–mechanical problem considers the transfor-
mation of the SMA component being heated via a volumetric
heat source with convective boundary conditions on all SMA
surfaces except where the coil is located. The model does not
consider thermal conduction or radiation from the coil. This is
because experimental measurements have shown that the coil
temperature is approximately equal to the SMA surface
temperature throughout the heating process. An adiabatic
boundary condition is then assumed in place of modeling
convection at the coil surface or the conduction and radiation
between the SMA body and the coil. The outputs of the
thermomechanical analysis include the temperature and dis-
placement fields as well as the martensitic volume fraction
throughout the SMA piece.

3. SMA material constant determination

Calibration of the SMA material properties is required to
ensure the accuracy of the model. The calibration was per-
formed in two stages: the electromagnetic stage and the
thermo–mechanical constitutive stage.

3.1. Electromagnetic constants

As discussed in section 2.3, the only material properties
required to model the electromagnetic behavior of the SMA
are the electrical resistivity and magnetic permeability.
Experimental measurements showed that the relative perme-
ability of NiTi is approximately 1.002 in either phase, which
is also observed in the literature [72]. The experiments
showed that the SMA resistivity is mW -76 cm 1 in austenite
and mW -82 cm 1 in martensite. For the sequentially coupled
(feedforward) approach, it is not feasible to change the
resistivity with phase changes. Therefore, a single constant
resistivity of mW -80 cm 1 was chosen4.

3.2. Thermomechanical constants

The constitutive model was calibrated using experiments
performed on a homogeneous, prismatic tube with length L of
8 in.(203 mm) with outer do and inner di diameters of 0.375
in.(9.525 mm) and 0.225 in.(5.715 mm), respectively. To
determine the material constants, the tube was subjected to
thermal cycles under different constant torques. The tube is
fixed at one end (zero displacement) and has an applied
twisting moment at the opposite end (applied traction). The
lateral surfaces of the tube are traction free. The temperature
is spatially uniform and varies from below the martentsite
finish temperature to above the austenite finish temperature.
The torque T and free end rotation angle θ were measured in
the experiment. The torque was then converted to shear stress

Figure 1. Induction heating model flow process.

4 Choosing this intermediate resistivity gave a Joule heating rate that was 6%
different than the purely austenite value and 3% different than the purely
martensite value. The difference in the rate of Joule heating of pure
martensite or austenite was 9%.
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to be compatible with the FEA outputs by

s s t= = =
Td

J2
, 5123 32

o ( )

where τ is the shear stress at the outer surface of the tube, and
J is the second moment of area given for hollow tubes as

-p d d
32 o

4
i
4[ ] [50]. The rotation angle throughout this work is

normalized by a diameter to length ratio d L2o ( ). The
normalized rotation-temperature curves generated by this
experiment following the conversion from torque to shear
stress and normalizing rotation are shown in figure 2, which is
used for the remainder of the thermo–mechanical material
constant determination. The temperature in the experiment
was measured by a thermocouple placed on the outer surface
of the tube at the mid-length. During these experiments,
induction heating was used to transform the SMA tube5.

The first step in determining the material constants is to
consider the thermo-elastic response, which provides the
austenite and martensite elastic moduli, Poisson ratios, and
thermal expansion coefficients. The austenite and martensite
Poisson ratios are assumed to be equal and constant as is
common in macro-scale SMA modeling. The thermal
expansion response is taken to be isotropic. To determine the
elastic modulii, the shear stress and strain were read from
figure 2 for each loading when the tube is completely auste-
nite and martensite and then plotted to create what has been
referred to as the dynamic modulus [12], shown in figure 3.
Assuming a perfectly trained material, the strain in austenite
is purely elastic so that the shear modulus G can easily be
measured as the slope of the fit to the austenite line in
figure 3. The modulus in martensite depends on the amount of
transformation strain the SMA has developed. However, for
this highly trained tube the behavior is close to linear so that
we can approximate the martensite shear modulus in the same
manner as the austenite modulus. The shear modulii for the

tube as measured from figure 3 are then used to calculated to
the elastic modulii by n= +E G2 1( ) .

The transformation constants are divided into three
categories: the phase diagram parameters, the transformation
strain parameters, and the smooth hardening parameters. The
smooth hardening parameters, n n...1 4, can be tuned in the
range < n0 1i to approximate ‘smoothness’ of the trans-
formation hysteresis. The phase diagram parameters that must
be determined are the martensite and austenite start and finish
temperatures (M M A A, , ,s f s f) and martensite and austenite
stress influence coefficients (C C,M A) [57]. The transforma-
tion strain parameters include the maximum transformation
strain (HMax), the back stress tensor (b), and kt. For the case
of a torque tube, b is taken to be a single non-zero component
such that b bd d=ij i j2 3, where dij represents the second-order
identity tensor and the 2–3 (θ–Z) direction corresponds to
torsion about the longitudinal axis(see figure 4).

A first-order approximation was made for the phase
diagram properties simply by inspection of figure 2, and the
initial smooth hardening and transformation strain parameters
were found in the literature [14]. Finding the material con-
stants in this manner generally gives a model that is
approximate but does not capture the full behavior of the
SMA. To refine the parameters, a finite element model of the
test was constructed, as shown in figure 4. In this model the

Figure 2. Experimental normalized rotation-temperature diagram for
torsional loading of a NiTi tube ( =d 9.525 mmo , =d 5.715 mmi )
corresponding to approximately 1, 5, 9, 13, 18.5 Nm of applied
torque.

Figure 3. SMA tube dynamic modulus measurements correspond to
figure 2 with linear fit. The modulus in martensite depends on the
amount of transformation strain the SMA has developed but in
highly trained tubes s »H Hcur eff

max(¯ ) .

Figure 4. Finite element model created to determine the SMA
transformation constants. One quarter of the model is cut away for
detail.

5 The frequency in the induction system was such that the thermal gradients
in throughout the tube were small and when the results are compared to more
conventional and thermally uniform conductive heating, there is no
significant difference.
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geometry, loading, and boundary conditions match the test
setup so that only the transformation constants are varied to
match the experiment data. The model consists of 1600 three-
dimensional quadratic reduced integration brick elements
(Abaqus designation C3D20R).

While an optimization would be the most accurate way to
determine the constants by minimizing the error between the
model and experiment, the process to set up an optimization is
beyond the scope of this work, which is intended to focus
more on the thermal behavior of the SMA rather than the
accuracy of the mechanical transformation behavior. The final
result of the approximated calibration is shown in figure 5
with figure 6 showing the transformation strain parameters.
As can be seen in figure 6, the maximum transformation strain
does not change significantly, which aids in verifying the
assumption used in determining the martensite shear mod-
ulus. The result of the calibrations are summarized in table 2.
These parameters are used when modeling the SMA tube. No
experiments were performed to calibrate the SMA beam
material properties used in section 4.2 as no associated
experimental study of inductively heated SMA beams has
been performed. Instead, properties were taken directly from
[17]. The beam properties are also summarized in table 2.

4. Results and discussion

The applications presented herein include SMA tubes that
exhibit a two-way SME that induces twisting about the
longitudinal axis and one-way SMA beams that bend during
actuation.

4.1. SMA torque tube

The tube in this study is the same that is described in section 3
and is shown with an idealized (i.e. homogenized) coil model
in figure 7. The analysis of the tube is completed in two stages
as previously described. For the electromagnetic analysis the
entire domain, including the coil and tube, is meshed with
50 190 electromagnetic linear hexahedral electromagnetic
elements (Abaqus designation EMC3D8); the mesh is con-
centrated through the thickness of the SMA tube where

gradients are highest and of most interest. In the thermo–
mechanical portion of the analysis only the tube is modeled
using 4370 linear hexahedral temperature-displacement ele-
ments with reduced integration (Abaqus designation
C3D8RT). The thermo–mechanical model is similar to that

Figure 5. Comparison of experimental and calibrated finite element
strain-temperature diagrams.

Figure 6. Maximum transformation strain achievable in the tube
( =H 3.35%max , = -k 0.0172 MPat 1, and b = 58 MPa) at a given
shear stress σ.

Table 2. SMA electromagnetic, thermal, and mechanical constitutive
material parameters.

Parameter Tube Beama

(Electromagnetic parameters)

mr 1.002 1.002
ρ (mW -cm 1) 80 80

(Heat transfer parameters)

rm (kg m−3) 6450 6450
c (J kg−1 K−1) 400 400
k (Wm−1 K−1) 10 10

(Thermoelastic parameters)

EA (GPa) 27.98b 90.0
EM (GPa) 17.49b 63.0
n n=M A 0.33 0.33
a a=M A (K−1) 0.00 ´ -10 10 6

(Phase diagram parameters)

M M,s f (K) 335, 311 295, 280
A A,s f (K) 333, 354 353, 362
C C,M A (MPa K−1) 5.5, 7.9 5, 10

(Transformation parameters)

HMax (%) 3.35 6.0
kt (MPa−1) 0.0172 0.00752
β (MPa) 58 0.0

(Smooth hardening parameters)

n1,2,3,4 0.3 0.35

a
After [17], where applicable.

b Calibrated from torsion testing.
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shown in figure 4 with a more refined mesh. The refined mesh
accommodates mapping of the Joule heating field from the
electromagnetic result to each element in the thermo–
mechanical model and helps to better capture thermal
gradients.

Two experimental tests of this tube are simulated and
compared to the model. The first is an input study where the
power into the induction coil is varied to determine how the
developed model compares to various inputs. The second
study is a high rate actuation test to verify the behavior of the
model at a relatively small time scale. A final test of the
model is simulated but not completed experimentally, which
shows the effects of a changing frequency on the variation of
temperature, shear stress, and martensite volume fraction
through the tubes wall thickness.

4.1.1. Power variation study. In the first study, the input
power to the experimental induction system is varied and the
temperature at the middle of the tube on the outer surface is
measured. The power is varied by maintaining a constant
frequency and varying the coil current across three levels. The
three input RMS coil currents are 49.9 A, 45.3 A, and 21.4 A
at a frequency of 55 kHz, which correspond to power levels
of 1150 W, 840 W, and 225 W respectively. By treating the
induction system as a transformer, the impedance can be
found. This allows a real power in the coil to be found. The
real coil power is the power which contributes to the heating
of the SMA and coil. It is assumed that the coil is not being
heated so that all of the power is transferred into the SMA.
The real coil powers produced were found to be 488 W,
417 W, and 135 W and correspond to input powers of
1150 W, 840 W, and 225 W respectively. The real coil power,
which assumed to be completely transferred to the SMA
body, agrees well with the power found through the FE
model. The temperature is measured by a non-conductive
typeK thermocouple. The study uses a 10 AWG copper
magnet wire wrapped tightly around the SMA tube. There is
no cooling in this scenario to minimize the number of
possible variables in the experiment. In this study only the
heating of the tube is modeled since cooling is accomplished
by free convection over a long time relative to heating. The
torque in all 3 experiments was held constant at 21 Nm. The
results of the experiment and model are shown in figure 8.

The model agrees with the experimentally measured
temperature within 15% at all times. The largest
discrepancies between the model and the experiment are
due to the effects of the latent heat of phase transformation,
which are not considered in the model. The latent heat is
manifest as significant deviations from linearity in figure 8.

In section 1, it was noted that resistive heating large
SMA components like torque tubes is limited by current. To
show this qualitatively, the power measures in the previous
experiments is used in a simple resistive heating calculation
given as

r=P I
L

A
, 522 ( )

where P is the power, I is the DC current, ρ is the resistivity
(taken to be mW80 cm), L is the length, and A is the cross
sectional area of the tube ( -p d d

4 e
2

i
2[ ]). For the particular

tube implemented this can be reduced to
= ´ -P I3.56 10 3 2. The DC current I needed to generate

an equivalent power to the induction system can now be
solved for 488 W, 417 W, and 135 W as 370 A, 342 A, and
195 A respectively. These currents are significantly higher
than current of 49.9 A, 45.3 A, and 21.4 A used in the
induction system, demonstrating why resistive heating can be
difficult to achieve in large pieces.

4.1.2. High rate actuation study. With the ability of the
model to match experimental results demonstrated, a second
study was complete to achieve high rate actuation in the SMA
tube. In this second study, the high rate heating was achieved
by changing from a 10 AWG coil to a smaller 14 AWG coil
to increase the coil current density. In the induction coil an
RMS current of 33 A and voltage 31.5 V were applied at
49.1 kHz. The applied torque again remained constant at 21
Nm. To achieve high rate cooling, active cooling was
implemented by flowing a mixture of 90% water and 10%
ethyleneglycol at a volumetric flow rate of 1.2 gal min−1

(75 cm3 s−1) through the tube. During heating this mixture
was stationary in the tube. A diagram of this cooling setup is
shown in figure 9 where the coil is omitted. The extra
components to accommodate coolant flow were not included

Figure 7. Electromagnetic FEA model of the SMA torque tube with
the vacuum domain omitted. One quarter of the model is cut away
for visualization. The mesh through the thickness is shown enlarged
for detail.

Figure 8. Power measurement study results. The highest heating
rates correspond to the highest input power.
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in the model and only the active portion of the tube is
considered. The thermal effect of the flow was simulated
using a convection boundary condition.

The magnetic and electric fields induced in the high rate
actuation study are shown in figure 10, where the end portion
of the tube is shown in particular as the fields become uniform

away from the ends. The ability to visualize these fields both
inside and outside of the SMA helps in understanding
possible consequence arising from the generation of a free
magnetic or electric field in a system that involves other
electronics.

The rate of Joule heating induced by eddy currents in the
tube is shown in figure 11 and is a result of the
electromagnetic fields from figure 10. All fields show a
distinct end effect which lowers the overall heating rate of the
system; in the case shown the effect on the overall heating
rate is small.

During heating, a free convection condition boundary
condition was used to model the stationary water. This result
was compared to an adiabatic case in figure 12 so the effects
of the stationary water in the tube during heating are made
more apparent. During cooling, we must calculate a
convection coefficient from analytical solutions or use a fluid
dynamics analysis. The latter is beyond the scope of this
work. Rather, we choose to calculate an effective convection

Figure 9. SMA tube diagram for coolant flow.

Figure 10. Induced time harmonic electromagnetic field magnitudes
in the SMA and surrounding domain for the high rate actuation
study.

Figure 11. Rate of Joule heating induced in the SMA due to the time
harmonic electromagnetic fields of figure 10 during the high rate
actuation study.

Figure 12. Temperature response of the SMA tube in the high rate
actuation study with calculated convection coefficient. The experi-
ment data is compared to adiabatic conditions and calculated
convection conditions.

Figure 13. High rate actuation experiment compared to FEA results.
Convection coefficient found through a parametric study.
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coefficient. The result of this calculation is shown in figure 12
and further calculation details are discussed in appendix.

The result of the calculated convection coefficient is not
in good agreement with the experiment so a parametric study
was completed to determine a convection coefficient that
could describe the cooling process. The result of this study is
shown in figure 13 and described in more detail in appendix.

4.1.3. Frequency variation effects. In the two previous
studies, the developed model has proven to be accurate
during the heating of the tube and with some manipulation is
able to analyze cooling also. We now use this model to
analyze the effects of changing the frequency, and therefore
Joule heating distribution, in the SMA tube. Such a capability
will enable future analysis driven design. In this study, we
subject the tube to a constant 13 Nm torque then heat for 5 s

using a 14 AWG coil with RMS current of 35 A. The tube is
cooled for 20 s using the same active cooling scenario
demonstrated in section 4.1.2. The purpose of this study is to
visualize the effects of a changing induction frequency on the
radial distributions of temperature, martensite volume
fraction, and shear stress. It is important to note that this is
a purely numerical predictive investigation and no
experiments have been performed. Also note that the higher
frequencies produce a higher overall temperature in the tube
than do lower frequencies at the same current. This leads to a
difference in the cooling behavior between each frequency
where the lower frequencies cool and transform before the
higher frequencies.

The radial temperature distributions in time are shown in
figure 14 with the corresponding martensite volume fractions
and shear stresses shown in figures 15and 16 respectively. In

Figure 14. Temperature distribution at varying frequencies and a constant loading. The normalized radial position corresponds 0 at the inner
surface of the tube and 1 at the outer surface. The temperature difference is measured relative to the temperature at the inner surface. Heating
for 5 s using a 14 AWG coil with RMS current of 35 A followed by active flow cooling using the results of the high rate actuation study.
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these figures the normalized radial position corresponds to 0
at the inner surface of the tube and 1 at the outer surface. Due
to the skin effect of (1), the radial temperature gradient is
more pronounced at higher frequencies.

This temperature variation with frequency is then
manifest in the distributions of martensite volume fraction
during heating as the higher frequencies lead to earlier
transformation during heating and delayed transformation
during cooling. The skin depth effect at high frequencies also
causes a strong gradient in the evolution of martensite through
the radius of the tube. For lower frequencies, the radial
temperature gradient is small and the shear stress before
transformation varies approximately linearly in the radial
direction, as expected in tubes. Therefore, the martensite
evolves approximately linear in the radial direction. However,
for higher frequencies, the higher radial temperature gradients
cause a highly nonlinear behavior that can, to some extent, be

controlled by the magnitude and frequency of the coil current.
This controlability provides new possibilities for optimizing
the actuation systems for particular applications (e.g. increas-
ing fatigue life, optimizing training procedures, etc.). Note in
particular the case of 1000 kHz, where a θ–Z shear stress
increase of 70MPa over the nominal as loaded stress of
88MPa is observed. In addition to the large θ–Z shear stress
gradient at 1000 kHz, there is also a small but noticeable
predicted increase in R–θ shear stress gradient. The difference
in the maximum and minimum R–θ shear stress changes from
approximately 1MPa in the low frequency cases to about
5 MPa in the 1000 kHz case.

4.2. SMA beam

As a demonstration of generality and to guide future devel-
opment efforts, an SMA beam heated by a planar induction

Figure 15.Martensite volume fraction profile through the tube thickness at various frequencies and a constant loading. Heating for 5 s using a
14 AWG coil with RMS current of 35 A followed by active flow cooling using the results of the high rate actuation study.
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coil was likewise simulated but was not experimentally stu-
died. A planar coil is the configuration used in induction cook
tops [73]. The RMS coil current and frequency considered are
40 A and 55 kHz, respectively. The SMA beam has length of
5 in.(127 mm), a width of 1.5 in.(38.0 mm), and a thickness
of 0.2 in.(5.1 mm). The outer diameter of the coil is equal to
the width of the SMA beam, with 12 turns of 20 AWG copper
wire. The homogenized coil on the SMA beam is shown in
figure 17(a) and, as before, is taken to be a homogenized
current sheet rather than being composed of individual coil
turns. The coil is placed at the fixed end of the beam. The free
end of the beam has a constant force of 75 N applied ortho-
gonal to the beam axis and in the direction of the beam short
dimension. As another example, a rectangular planar coil with
the same input current, width, and 20 AWG wire as the cir-
cular coil is considered, where the length is 2 in.(50.8 mm)
and only 4 turns of wire are considered as shown in figure 18.

The Joule heating rate and maximum temperature at 5 s are
significantly lower than in the beam with a circular coil, but
the final displacement (referred to as the loaded cool condi-
tion) is the same, as shown in figure 19. Note that the circular
coil produces lower temperature zones in the corners of the
beam, which are absent for the rectangular coil. These lower
temperature zones do not reach transformation and cause only
a portion of the beam to actuate. This leads to stress con-
centrations that are not seen with the rectangular coil. This
result motivates future work focusing on detailed design
optimization of the coupled actuator/coil configuration.

4.3. Flux concentrators

In induction heating, it is common to introduce a body made
of high permeability, high resistivity material into the system
in close proximity to the induction coil. Such a body is known

Figure 16. θ–Z shear stress profile through the tube thickness at various frequencies and a constant loading. Heating for 5 s using a 14 AWG
coil with RMS current of 35 A followed by active flow cooling using the results of the high rate actuation study.
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as a magnetic flux concentrator (MFC) (also called flux
intensifier, diverter, or controller) [52]. The effect of this
MFC is to locally increase the intensity of the magnetic fields
near the workpiece and prevent the spread of electromagnetic
power that otherwise would not contribute to heating the
workpiece [52]. The local increases in magnetic field lead to
increased electrical efficiency and heating rate [74]. MFCs are
commonly made of magnetic alloy laminations, magneto-
dielectrics [75], or ferritic materials [76], where each has
specific advantages and disadvantages and can be configured
to work best in a specific frequency range. To study the
effects of these MFCs, we model a 0.5 mm thick solid disk
concentrator made of NiZnferrite [77–79], placed above the
circular coil model previously described. The NiZnferrite can
have large variations in material properties; for this work we
use a relative magnetic permeability of 1500 and a resistivity
of W107 cm [79]. No inputs to the system or dimensions were
changed from the analysis that generated figure 17. The
results shown in figure 20 indicate a dramatic increase
in heating rate relative to the case without a flux concentrator.
This finding clearly motivates the use of flux concentrators
in the induction system and shows that they should be
further studied and incorporated into future design
optimization.

5. Conclusions and future work

Custom SMA actuators can be best designed given an in-
depth knowledge of the internal temperature, stress, and
martensitic volume fractions as functions of space and time.
This work established a new analysis tool for simulating
induction heating of arbitrarily shaped monolithic SMA
components and systems that implement them. The model
developed has been validated and verified against experi-
ments. The verification showed that the model could accu-
rately predict the temperature response of an SMA tube given
various frequency and current inputs for cases with and
without active cooling. Additional modeling efforts showed
that the distribution of temperature, stress, and martensite
volume fraction could be controlled by changing the fre-
quency of the input current. Further control of the distribution
and magnitude of the electromagnetic fields in and around the
SMA workpiece can also be achieved by employing a MFC,
which can substantially increase heating/actuation rate.

Future work will focus on using the model to improve
actuation systems incorporating inductively heated SMA
tubes and beams. Such actuation systems can only realize
their peak performance in terms of actuation rate, only if the
SMA actuator, induction system, flux concentrators, cooling

Figure 17. Homogenized 12 turn 20 AWG circular coil on an SMA beam. The beam is heated for 5 s using an RMS current of 40 A at
55 kHz.
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system, and electrical power source are designed in an inte-
grated manner. For the torque tube considered in the follow-
on effort, an objective such as actuation torque, twist rate,
cyclic efficiency, or some combination will be chosen, and the
system will be designed to maximize one or more of these
objectives subject to constraints. Coil variables are expected

to include the diameter of the wires, the shape of the coil, the
number of layers, the input current, and driving frequency.
The flux concentrator variables are expected to include the
shape, material properties, and the location relative to the coil
and SMA. Possible cooling methods might include forced
convection on the inner and outer surfaces of the tube with
cooling fins. Furthermore, the electrical induction system
circuit properties should be considered to optimize the power
source including the amplifier. In addition to these FEA based
analysis objectives and electrical system design, a reduced
order model of a thin walled tube being inductively heated
will be created to reduce the computation expense of each
analysis. This reduced order model will also include the
effects of latent heat due to phase transformation and a
temperature and phase dependent resistivity.
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Figure 18. Homogenized 4 turn 20 AWG rectangular coil on an SMA beam. The beam is heated for 5 s using an RMS current of 40 A at
55 kHz.

Figure 19. Vertical (Y-direction) tip displacement of the SMA beam
with circular and rectangular coils. The beam is heated for 5 s using
an RMS current of 40 A at 55 kHz. Displacement is referenced from
as-loaded (cool) condition. A constant force of 75 N is applied
orthogonal to the beam axis and in the direction of the beam short
dimension.
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Appendix. Convection cooling study

To calculate a convection coefficient, we must first determine
if the flow in the tube is laminar or turbulent and the degree to
which is it developed (i.e. hydrodynamically developed,
thermally developed, or fully developed). In order for flow to
become fully developed, the fluid must travel up to 80 times

the inlet diameter, which in our tube is not possible. The vast
majority of analytical solutions for tube and pipe flow rely on
the assumption that the flow is developed so it is likely that
any solution we find for the convection coefficient may not be
accurate. Based on the flow speed and fluid properties, it was
determined that this flow would be turbulent so we choose to
calculate an effective convection coefficient based on the
Dittus–Boelter equation [80] which assumes the flow has a
constant sink temperature, is hydrodynamically developed,
and is thermodynamically developed. Furthermore using a
lumped-heat-capacity analysis [24] to test the feasibility of the
constant temperature assumption shows that the fluid could be
heating significantly before it reaches the end of the tube.
Therefor use of the Dittus–Boelter equation with its stated
assumptions produces the expectedly poor result shown in
figure 12, which is not in good agreement with the experi-
ment. The convection coefficient found in this analysis is
6800W °C−1 m−2.

Rather than moving to a fluid dynamics simulation, we
perform a parametric study to determine a convection coef-
ficient that could describe the cooling process. The study
assumes the flow enter the tube at the sink temperature and
leaves the tube 10 °C above the sink temperature. This change

Figure 20. Electromagnetic fields with and without a NiZn flux concentrator above the coil. The coil is a homogenized 12 turn 20 AWG
circular coil with an applied RMS current of 40 A at 55 kHz.

Figure A1. Sample of the parametric study results to determine the
effective convection coefficient in the high rate actuation study.
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in temperature over the length of the tube is consist with the
result of the previous lumped-heat-capacity analysis. It is
assumed that the temperature varies linearly along the length
of the tube from the sink temperature to the exit temperature.
The parametric study varied the convection coefficient from
500 to 2500W °C−1 m−2 in increments of 200. A sampling of
this study is shown in figure A1.

The study shows that the convection coefficient should
be approximately 1400W °C −1 m−2, which is significantly
lower than the calculated value of 6800W °C −1 m−2 shown
in figure 12. The convection coefficient found from the
parametric study is close to what the authors have observed
from the literature [80] for similar conditions. While the
calculated value is high compared to the parametric study
value it is still within a range of values that this fluid mixture
could produce. A parametric study is not the ideal method to
calculate the cooling coefficients, but it does provide useful
data for studies that use this particular high rate actuation
setup for future experiments.
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